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Similarly, the second integral comes from 

( z z 3 z" l ) IZ 

After integration, the first and last terms, give 



^{^-M ° r 2^i sin(2r -^r = 



±; 2 
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The result given is obtained by starting with the central terms, 



\ Z/ IZ 



Also solved similarly by P. J. da Cunha, William Herberg, and H. L. 
Olson. 

2759 [1919, 124]. Proposed by J. L. biley, Stephenville, Texas. 

Solve the simultaneous functional equations 



<t>(x + y) = <j>(x) + 
<f>(x + y) = 



1 - <t>(x)<l>(y) ' 
Hx)-Hy) 



I. Solution by C. F. Gummer, Kingston, Ont. 

When y = the equations show that either ^(x) = 0, or 4>(0) = and ${0) = 1. In the 
former case, <j>(x) is constant. In the latter, the first equation gives 

4>(x + y) - <t>(x) = <t>(y) - <K0) . H*) . 
y y i - <i>(x)<i>(y) ' 

so that, if we assume that <£'(0) exists and equals a, we deduce that 

4>'(x) = a<p(x). 
If further ^'(0) exists and equals b, the second equation gives 

•A'(x) = [a<K*)+b)<Kx). 
Eliminating ^(x) between the last two equations, and writing X(x) = a<t>(x) + 6, we get 

X"(x) = X(x)X'(x); 
and on integration, since X(0) = 6 and X'(Q) = a 2 , 

X(x) = 2A tan (Ax + B), 



where V2a 2 - b 2 = 2A and b = 2A tan B. 
Hence 

/ % k sin Ax , , . cos 2 B 

* (a ° = ^ ' cob(Ax+B) ' * {X) = cosHAx+B) ' 

This solution, however, fails to satisfy the functional equations unless A = 0. Hence the only 
solutions admitting derivatives for x = are 

<t>(x) = c, \j*(x) = and <j>(x) = 0, \p(x) = 1. 

It is apparent that <j>{x) = 0, ^(x) = a x is a solution. 

Possibly the proposer intended to square the denominator on the right of the second equa- 
tion. With this change and similar work we get, assuming <j>'(0) and i/<'(0) to exist, either 

<t>(x) = c, Hx) = 
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, , . sin Ax , . . cos 2 B 



cos (Ax + B)' Y w cos 2 {Ax + B) 
both satisfying the equations. 

II. Solution by A. A. Bennett, Baltimore, Md. 

Unlike algebraic equations, the first is sufficient to determine both <j> and ^, and the general 
solution of this first equation will be obtained. The second equation as given is inconsistent 
with the first except for the trivial solutions, <f> = 0, ^ = a". 1 The equations intended were, 

<t>(y)${x) 



(1) 4>(x + y) = 0(&) + 

(2) f(z + y) = 



1 - 0(*)*(y) : 
<P(x)x^(y) 



[1 - <t>(x)<t>(y)¥ ' 



where the second now serves merely to specialize one of the parameters in the solution of (1). 
From the symmetry of (1), we have 

+ {x) + 1 - ♦(«)«(») - * (2/) + i -*(*)*&,)• 

Excluding, for this discussion, the case <f>(x) = 0, this reduces to 

hence, each member is a constant, say 2c, and 

*(x) = 1 + 2cKx) + tfix). 

Equation (2) serves merely to determine c as equal to zero. 2 

To obtain the general solution, let us first obtain a suggestive form by examining only con- 
tinuous solutions with a continuous derivative at the origin. From (1) by putting y = 0, one 
has 0(0) = 0; hence, <j>(y) /y for y approaching zero will have a finite limit, and [<t>(x + y) — <f>(x)]/y 
approaches <f>'(x) for y approaching zero. Now (1) may be written 

<t>(x + y) - <t>(x) = *<M fte) 

y y 1 - <f>(x)4>(y) ' 

Letting y approach zero, this gives 

0'(x) = $' (0)^(x) or af{x), 
and, therefore, 

«'(*) = o[l + 2c0(x) + tf> 2 (x)]. 

Integrating, we have, as is at once verified 



f <t>(x) = Vl — c 2 tan [ax V l — c 2 + arc sin c] — c 
( iKx) = (1 — c 2 ) sec 2 [ax-s/l — c 2 + arc sin c] 

as the most general solution satisfying the continuity conditions indicated. For c 2 > 1, the 
expression contains imaginary terms but a real solution in logarithmic form may be given as is 
customary in differential equations. These are, however, algebraically equivalent. 
To obtain the most general solution where <t> is not identically zero, put 



<£(x) = Vl — c 2 tan [a-sll — c 2 /(x) + arc sin c] — c 



in (1). This determines ^(x) as (1 - c 2 ) sec 2 [oVl - c 2 -/(x) +arc sin c]. Equation (1) now 
reduces to a/(x + y) = a/(x) + a/(?/). This is Cauchy's first functional equation of which the 
continuous solutions are a/(x) = ax except for a change of parameter, and of which the dis- 
continuous solutions are all known for purposes of functional equations. For c = 0, the case 

1 The solution <f>(x) = const., </<(x) = 0, is overlooked. — Editors. 
probably, 

2 The reasoning here calls for the emendation in footnote 1. — Editors. 
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when both (1) and (2) are satisfied, one has 

(j>(x) = tan ax, ^(x) = sec 2 ax, 
which is the most general continuous solution, [also \l/(x) = and <j>(x) = const. — Eds.]. 

Also solved by Elijah Swift; partial solutions by E. B. Escott, and H.L. 
Olson. 

2763 [1919, 170] Proposed by C. N. SCHMALL, New York City. 

Show that the equation ky — 2k l l z a?l*x + x 2 = 0, where k is a variable parameter, represents 
a family of parabolas passing through a fixed point, and all having the same areas comprised 
between the curve and the rr-axis. 

Show, also, that the envelope of the family is the rectangular hyperbola whose equation is 

xy = 2 5 ft 2 /3 3 . 

Solution bt P. J. da Cunha, University of Lisbon. 

II est eVident que liquation donnee represente une famine de paraboles, et que toutes ces 
courbes jouissent de la propri6te de passer par l'origine. L'abscisse du second point d'inter- 
section de chacune des paraboles et de l'axe des x est 2k l l z a?l z , de sorte que l'aire comprise en- 
tre la courbe et le meme axe est 

A = £ J (2fc 1 % 2 % - x 2 )dx = i fcV3 2%2 _ ±- I = | a 2 . 

Finalement, l'equation de l'enveloppe s'obtenant par la regie connue, c'est a dire, en eliminant k 
entre liquation donnee et celle-ci: y — 2Ar 2 % 2 %/3 = 0, nous tombons sur liquation 

_2 5 a 2 

x y — g3 i 

e. q. f. d. 

After giving this same solution H. H. Downing, University of Kentucky, notes 
that the locus of the vertices of the parabolas is the equilateral hyperbola, xy = a?. 

The problem was also solved by C. A. Barnhart, A. M. Harding, William 
Herberg, William Hoover, Arthur Pelletier, and J. B. Reynolds. 

2766 [1919, 171]. Proposed by N. P. pandta, Amreli, India. 

Is it possible to find a harmonic series whose terms are positive integers such that the product 
of the first, second, seventh, and eighth terms is equal to the product of the third, fourth, fifth, 
and sixth terms? 

Solution by A. M. Harding, University of Arkansas. 

Any harmonic series of eight terms may be written in the form 



1 + ak ' l+2ak' ' l+7ak' 

where a and k are constants, a 4= 0. If it is possible to find an harmonic series satisfying the 
conditions of the problem, then 

a a a a a a a 

a • 



1 + ak 1 + 6ak I + 7ak 1 + 2ak 1 + 3ak 1 + iak 1 + 5ak " 

That is, since a + 0, 

(1 + ak)(l + 6afc)(l + 7ak) = (1 + 2afc)(I + 3afc)(l + 4afc)(l + 5ak), 
or 

16a% 2 + 112a'fc 3 + 120a% 4 = 0. 



